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Abstract
The role of Poincare´ covariant space-time translations is investigated in the case
of a relativistic quantum mechanics approach to the pion charge form factor. It is
shown that the related constraints are generally inconsistent with the assumption of
a single-particle current, which is most often referred to. The only exception is the
front-form approach with q+ = 0. How accounting for the related constraints, as well
as restoring the equivalence of different RQM approaches in estimating form factors,
is discussed. Some extensions of this work and, in particular, the relationship with a
dispersion-relation approach, are presented. Conclusions relative to the underlying
dynamics are given.
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1 Introduction
It is a usual claim that the study of form
factors of hadronic systems should a priori
provide information on the underlying dy-
namics. Examination of estimates in the
framework of relativistic quantum mecha-
nics (RQM) nevertheless shows a strong sen-
sitivity to the choice of the form used to im-
plement relativity [1], especially for the pion
charge form factor [2, 3]. The dependence
on the form and its associated construction
of the Poincare´ algebra in instant, front and
point ones [4, 5] results from an incomplete
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calculation. It is expected that it should
disappear by accounting for many-particle
terms in the current besides a single-particle
one that is usually retained [6]. In absence
of the many-particle terms, one can only
hope that one approach is better than other
ones but its choice may reflect some own
prejudice, necessarily subjective.
Recently, an objective argument, based
on properties of currents under Poincare´
space-time translations, was presented, al-
lowing one to discriminate between different
RQM implementations [7, 8]. Invariance un-
der space-time translations implies the ex-
pected energy-momentum conservation but
this only represents a part of properties that
can be ascribed to these transformations in
the RQM framework. As shown by Lev [9],
relations involving the commutator of the
space-time translation operator, P µ, with
the currents, which stem from Poincare´ co-
variance, have also to be verified. Their con-
sideration [7, 8] suggested a way to account
indirectly for the above many-particle cur-
rents for a scalar system consisting of scalar
constituents [10, 11]. The procedure tends
to restore the equality of the squared mo-
mentum transferred to the constituents and
to the whole system, which is a priori vi-
olated in incomplete RQM approaches but
holds in field-theory ones. This work is ex-
tended here to a physical system, the pion,
which represents one of the simplest hadron
and, moreover, has been the object of ex-
tensive studies (see [12] for references).
The plan of the paper is as follows. We
first review properties that currents should
fulfill under space-time translations and pay
a particular attention to constraints they
imply and go beyond the energy-momentum
conservation. In the following part, we show
how we account for these constraints. Re-
sults for the pion charge form factor in dif-
ferent forms are then presented together
with the result obtained when the above
constraints are accounted for. In the last
part, we make various comments in rela-
tion with possible extensions. A conclusion
summarizes the main results and the conse-
quences that a comparison with experiment
suggests for the solution of the mass opera-
tor used in our calculations.
2 Covariant space-time
translations: new in-
sight and constraints
Properties under Poincare´ covariant space-
time translations imply the following trans-
formations of currents:
eiP ·a Jν(x) (S(x)) e−iP ·a
= Jν(x+ a) (S(x+ a)), (1)
where P µ represents the 4-momentum
operator. The quantities Jν(x) and S(x)
respectively refer to 4-vector and scalar cur-
rents. When the matrix element of the
above relations for a = −x is taken between
eigenstates of P µ, one obtains:
< i |Jν(x) (or S(x))| f >
= ei(Pi−Pf )·x < i|Jν(0) (or (S(0))|f > . (2)
Together with the function eiq·x describing
the interaction with an external probe car-
rying momentum qµ, and assuming space-
time translation invariance, one obtains
the standard energy-momentum conserva-
tion relation:
(Pf − Pi)µ = qµ . (3)
In calculating the matrix element of Eq. (2),
and probably for simplicity, it is generally
assumed that J(0)µ (or S(0)) is described
by a single-particle operator. Until recently
however, it was not checked whether this
assumption is consistent with further con-
straints that stem from Eq. (1) and were
proposed by Lev [9]. Particular relations of
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relevance here are the following ones:
[
Pµ ,
[
P µ , Jν(x)
]]
= −∂µ ∂µ Jν(x),[
Pµ ,
[
P µ , S(x)
]]
= −∂µ ∂µ S(x) . (4)
After factorizing the x dependence as in
Eq. (2), and taking the matrix element of
the current, assuming temporarily it is a
single-particle one, one should get the fol-
lowing relations:
< |q2 Jν(0) (or S(0))| >
=< |(pi − pf)2 Jν(0) (or S(0))| > , (5)
where q2 represents the squared momentum
transferred to the system and (pi− pf)2 the
one transferred to the constituents. Chec-
king the relations, it is found that they are
violated in all cases with one exception: the
front-form approach with the momentum
configuration q+ = 0. The violation of the
relations therefore shows that the assump-
tion of a single-particle current is not valid
in the corresponding approaches, indicating
that the current should then contain many-
particle terms. One can hope that accoun-
ting for their contributions would restore
the equivalence of different approaches in
calculating form factors [6]. However, cal-
culating the contribution of many-particle
terms is quite tedious and this has been
done only in a limited number of cases
[13, 12]. Moreover, if they have the effect
of restoring the equivalence with other ap-
proaches, they should occur at all orders in
the interaction, which is apparently hope-
less.
3 Implementation of the
constraints
In order to account for the extra contribu-
tions, we observe that the current should in
one way or another keep the structure of a
single-particle one as far as this is the case
for the front form with q+ = 0, which ful-
fills the constraints. Moreover, comparing
different approaches, we notice that their
expressions differ in the coefficient multiply-
ing the momentum transfer qµ and that the
difference implies interaction effects that are
here or there depending on the approach.
These observations suggest to modify the
factor of the momentum transfer by a co-
efficient α, so that to fulfill Eq. (5). We
thus obtain the equation:
q2=“[(Pi−Pf )2 + 2 (∆i−∆f) (Pi−Pf ) · ξ
+(∆i−∆f )2 ξ2]”
= α2q2 − 2α“(∆i−∆f)” q · ξ
+“(∆i−∆f )2” ξ2 , (6)
where ξµ represents the orientation of the
hyperplane on which physics is described
and ∆ holds for an interaction effect. It
is immediately seen that, for the front-form
case with q+ = 0, the above equation is sa-
tisfied with α = 1 as ξ2 = 0 and ξ.q = 0.
In this case, the equality of the squared mo-
mentum transferred to the system and to
the constituents, Eq. (5), is trivially ful-
filled. In the other cases, one has to take
into account the modification of the calcu-
lation given by the coefficient α, which is
solution of Eq. (6).
4 Some results
The detail of the implementation of the con-
straints stemming from space-time trans-
lations has been given in Ref. [14] for a
scalar system like the pion one consisting
of two spin-1/2 particles. Recovering the
equivalence of different approaches may re-
quire a particular current but, in the case
of the charge form factor, the current so
obtained is often the one that is expected,
probably because it fulfills minimal require-
ments such as the existence of an underlying
conserved current or the invariance of the
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charge (unaffected by the constraints) un-
der boosts. For the wave function, we use
the one obtained in an independent work
[12] aimed to study the asymptotic behav-
ior of the form factor in RQM approaches.
The corresponding mass operator involves
both a confinement and an instantaneous
one-gluon exchange interaction.
Results are presented in Fig. 1 for various
approaches (see Refs. [7, 8] for definitions
and further details). The left panel, which
involves low Q2, is sensitive to the squared
charge radius while the right panel covers
the remaining range of Q2 where data are
available.
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Figure 1: Pion charge form factor in different forms and effect of the constraints related
to the covariance properties of the current under space-time translations: left panel for
the low-Q2 range and right panel for the intermediate-Q2 range (see text for references
about further details and some definitions). The dot, short-dash, long-dash, dot-dash and
continuous curves represent results without the effect of constraints discussed here. When
this effect is included, all curves become identical to the front-form one with q+ = 0, which
is unchanged (continuous curve denoted F.F. (perp.)).
Examination of the figure shows a con-
siderable discrepancy between different ap-
proaches, which is very similar to the
spinless-constituent case [15, 7, 8]. At low
Q2, the discrepancy exhibits in some cases
a dependence of the squared radius on the
inverse of the squared pion mass. It is no-
ticed that the Lorentz invariance of the form
factor obtained in an earlier point-form ap-
proach (“P.F.”)[16] or in a point-form ap-
proach inspired from Dirac’s one (D.P.F.)
[17] does not guarantee a better result.
When the effect of the implementation of
the constraints related to space-time trans-
lations is accounted for, all form factors be-
come identical to the front-form one with
q+ = 0, which was fulfilling the constraints
from the start. Hence, the full restoration
of properties related to the Poincare´ covari-
ance of these transformations is essential to
obtain reliable results.
5 Further developments
While showing numerically that expressions
of the pion form factor in different forms
could give the same results after accounting
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for constraints related to space-time trans-
lations, we wondered what could be the
common expression behind this important
property. Following different works in the
scalar constituent or in the spin-1/2 cases
[18, 19, 8], it is found that this expression
could be identified to the one based on a s-
channel dispersion-relation approach, which
is explicitly Lorentz invariant and, more-
over, fulfills constraints related to space-
time translations. This expression, which
is not well known, reads:
F1(Q
2) =
1
N
∫
ds¯ d(
si−sf
Q
) φ(si) φ(sf)
×2
√
si sf θ(· · ·)
D
√
D
, (7)
where the variables and various quanti-
ties are defined in Ref. [8]. Obtaining
this result in each form supposes that the
corresponding implementation of relativity
represented by the Bakamjian-Thomas con-
struction of the Poincare´ algebra in the
instant form [4] and its generalizations in
the other cases [5] has been consistently
performed. It also supposes a non-trivial
change of variables. We notice that the
above expression confirms the one given in
Ref. [18] but disagrees with the one given
in Ref. [19]. For this last work, the discre-
pancy factor, (si+sf+Q
2)/(2
√
si sf), is the
same as for the scalar-constituent case [8].
We mentioned that accounting for con-
straints related to space-time translations
was amounting to implicitly consider the
contribution of many-particles currents.
These currents only represent a minimal
subset, which is required to restore some
symmetry properties. In the present case of
the pion charge form factor, they do not al-
low one to reproduce its asymptotic expres-
sion. This one supposes to consider specific
two-particle currents within the RQM ap-
proach [12].
It is not rare that the breaking of some
symmetry can provide unexpected results,
at the limit of paradoxes. The variation of
the charge radius with the inverse of the
pion mass obtained in some cases is one
of them (more binding produces a larger
radius!). As shown here, accounting for
constraints from Poincare´ covariant trans-
lations corrects for this surprising result.
6 Conclusion
We have considered the role of constraints
relative to space-time translations on the es-
timate of the pion charge form factor. Ac-
counting for these constraints amounts to
restore the equality of the squared momen-
tum tranferred to the constituents and to
the pion, which is violated in the simplest
RQM calculation but is trivially fulfilled in
field theory. As these constraints stem from
a covariant transformation of currents un-
der space-time translations, accounting for
them represents a necessary ingredient of
a covariant calculation of form factors. A
complementary insight is the following one.
In RQM approaches, changing the under-
lying hypersurface for another one implies
interaction effects. One is not therefore
surprised that the simplest calculation of
elastic form factors depends on its choice.
Accounting for the constraints discussed in
this work amounts to consider further in-
teraction effects that remove the differences
implied by this choice, as expected from a
fully Poincare´ covariant calculation.
Considering the front-form results with
q+ = 0 as representative of the results
obtained in different approaches after ac-
counting for constraints related to space-
time translations, it appears that the calcu-
lated form factor tends to overestimate the
measured one. As there was no optimisation
of the estimate, one can think that a better
value of the pion decay constant, fpi, could
help to explain the measurements in the
low-Q2 range. The statement is based on
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the relation r2pi = 3/(4pi
2f 2pi) and a calculated
value of fpi which overestimates the mea-
sured one (106 and 93 MeV respectively).
A better value of fpi could be obtained by
diminishing the quark mass or by reducing
the weight of high-momentum components
in the solution of the mass operator that
was used. This second alternative would
have the advantage to also reduce the discre-
pancy in the intermediate-Q2 range.
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